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1 Introduction 



The action of a T-duality transformation on the string worldsheet fermions can be studied 
by demanding compatibility with the N — 1 worldsheet supersymmetry. This determines 
the T-duality transformation of the worldsheet spinors both in flat space Jl] as well as in 
the presence of background fields with an isometry along which duality is performed |2|]. 
The effect on extended worldsheet supersymmetry has been studied in |3|, |]] , and also in 
|fj, || when the extended supersymmetry does not respect the isometry. In this paper, we 
study the action of T-duality on space-time fermions in Type-II superstring theories with 
background fields and use the results to give a simple derivation of the R-R T-duality 
rules. 

In flat backgrounds, the action of T-duality on space-time spinors follows in a rather 
straightforward way from its action on the worldsheet currents d±X M and worldsheet 
fermions ip± |], || [7J: A T-duality with respect to X 9 sends d + X 9 — > — d + X 9 and 
ip+ — > keeping all other variables unchanged. Hence, on the left-moving half of the 

worldsheet theory, it can be regarded as a parity reflection along X 9 , while the right- 
moving sector remains invariant. The action of such a transformation on the left-moving 
Ramond ground state is represented by f2 = r n r 9 as this operator sends T 9 of the left- 
moving sector to Qq 1 r 9 f2 = — r 9 , consistent with the fact that T 9 is the zero mode of ip^_ in 
the Ramond sector. The action of Qq can now be absorbed in the space-time spinors. For 
example, for the parameters of space-time supersymmetry e± (where the subscripts "±" 
refer to the worldsheet sectors in which the supersymmetry acts), this leads to e + — > Qoe+, 
while e_ remains unchanged. One can also obtain the action of T-duality on the gravitinos 
ty±M from the invariance of their vertex operators under T-duality. contains the 

left-moving R ground state and hence transforms as ^o^+m while contains 

a left-moving NS field ^5 and hence \I/_9 -» -^- 9 , — >■ 

In the general case of non-flat backgrounds with an isometry, say, along X 9 , T-duality 
no longer reduces to a parity transformation acting on left-moving (or right-moving) 
worldsheet variables alone. In fact, in general, it acts as a canonical transformation 
affecting both left and right moving sectors of the worldsheet theory ||, |^, |2[. Furthermore, 
in curved backgrounds, the relationship between the worldsheet fermions and space-time 
Dirac algebra is not as straightforward as in flat space. Therefore, it does not seem 
possible to obtain the T-duality action on space-time fermions, or equivalently, on the 
Ramond sector, from worldsheet considerations alone. 

In this paper, we study the action of T-duality on space-time spinors in type-II string 
theories in the presence of NS-NS and R-R background fields. The spinors we consider 
are the space-time supersymmetry transformation parameters e±, the two gravitinos ^m± 
and the two dilatinos A±. These results are then used to derive the T-duality rules for the 
R-R fields, including the massive IIA case. Both backgrounds and spinors are assumed 
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to be independent of the coordinate X 9 along which T-duality is performed (with the 
exception of type-IIB potentials dual to massive type-IIA). 

The paper is organized as follows: In section 2, the transformation of e± is obtained by 
identifying a T-duality action on the local Lorentz frame associated with the left-moving 
sector of the worldsheet theory. We also describe a set of variables in terms of which the 
curved-space duality resembles the flat-space case. In section 3, we consider space-time 
supersymmetry transformations in type-II theories in NS-NS backgrounds and determine 
the gravitino and dilatino T-duality transformations. These are shown to be independent 
of R-R backgrounds. In section 4, we use these transformations to derive the T-duality 
rules for R-R field strengths and potentials, emphasizing the locality of potentials in the 
massive type-IIA case. We then use T-duality to give a simple derivation of the "mass"- 
dependent terms in the Wess-Zumino action for D-branes in massive IIA theory. Section 
5 contains the conclusions. Many of the formulas used in this paper are given in the 
appendix for convenience and to insure consistency of conventions. 



Representation of T-duality on Spinors in Curved 
Backgrounds 



In this section we describe how T-duality acts on the spinorial index of space-time fermions 
in type-II theories with background fields (the extension to other string theories is straight- 
forward). This fully determines the transformation of the supersymmetry transformation 
parameters e±. 

The action of T-duality on massless NS-NS sector fields Gmn, Bmn and the dilaton <fi is 



well known fll2| . For later reference, we write the result here in our T-duality conventions, 

G99 = G 9 q , 

Ggi = —G gg Bgi , 
Bg% = —GggGgi , 

Gij = Gij — Gg^GgiGgj — BgiBgj) , 

Bij = B^ — G Q g(GgiB 9 j — B 9i Ggj) , 

20 = 20-lnG 99 . (1) 

Here, M, N are space-time indices in 10 dimensions. The backgrounds are assumed to be 
independent of the X 9 coordinate along which T-duality is performed, but may depend 
on the remaining coordinates which we label by X 1 with i = 0, 1, • • • , 8. Throughout this 
paper, a tilde denotes a field in the T-dual theory. 

Let us decompose the 10 dimensional metric of type-II theories in terms of the viel- 
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beins, Gmn = €- M r] a be b N , where a, b are Lorentz frame indices. It is known that the T-dual 
theory contains two possible vielbeins that we denote by e?£) and efl) a , both giving rise 
to the same T-dual metric G MN g |, Explicitly, 



-(-)a 



<3 



M TV 
-7V e a 5 



'(+)« 
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M TV 
+7V e a 



(2) 



The matrices Q± that implement T-duality on the vielbeins are given (along with their 
inverses) by, 



Q, 



( tG 99 t(G t B) 9i \ 



V o 



TG 99 l -G 9 i(GTB) 



9, 



(3) 







where lg denotes the identity matrix in nine dimensions. The two vielbeins in the dual 
theory are related by a local Lorentz transformation A a 6 , 



~M 



-(+)6 - c (-)a n i» ) A — e Q_Q + e. 
Using the expressions for Q±, it is easy to see that the matrix A is given by 

A a b = 5% - 2G m 1 e%e 9b . 

Note that det A = -1. 



(4) 



(5) 



The appearance of two possible vielbeins in the dual theory is not an inconsequential 
ambiguity and disregarding either of them will lead to an inconsistent theory. In fact, it 
forces us to augment T-duality with a local Lorentz transformation acting only on the 
Lorentz frame associated with the left-moving sector of the worldsheet theory. To see this, 
it is useful to regard the two vielbeins in Gmn = Vat e 6 jy as the wavefunctions associated 
with the left-moving and right-moving worldsheet operators, respectively, that contribute 
to the graviton vertex operator. Though these vielbeins may be assigned to different 
worldsheet sectors, they are identical from the point of view of space-time geometry which 
does not directly see the string worldsheet. However, T-duality acts differently on the 
two worldsheet sectors and one may expect it to transform the corresponding vielbeins 
in different ways Q. That this is the origin of the difference between e^ + ) and e(_) can be 
argued as follows: The left-moving and right-moving worldsheet sectors are interchanged 
under the worldsheet parity transformation o — > —o which also interchanges Q + and Q- 
@] and, hence, the two vielbeins in the dual theory. This suggests that e^ a is T-dual to 
the vielbein associated with the left-moving sector of the original worldsheet theory, while 
£(^-)a i s T-dual to the one associated with the right-moving sector. This identification also 
gives a heuristic understanding of the T-duality action (||) on the vielbeins: Note that 

x That T-duality could transform the vielbeins associated with the left- and right-moving worldsheet 
sectors in different ways, is not evident from the transformation of the metric. This is because the T- 
duality action on the metric is determined by the invariance of the energy-momentum tensor and not 
that of the worldsheet Lagrangian. 
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in flat space, e^/s appear as wavefunctions for states created by Fourier modes of the 
worldsheet fermions ip^. In curved backgrounds, T-duality transforms these fermions to 
i[>± = Q±jV0± @ > which is consistent with the mapping of their associated wavefunctions 
to e(±), as given by (0), depending on the worldsheet sector they come from. 

The necessity of retaining both er + ) and en.) in the dual theory is not evident if we 
are dealing with bosonic fields alone. However, their presence is essential to insure the 
consistency of the dual theory in the presence of space-time fermions, as will be seen in 
the next section^. This implies that we have to keep track of how the vielbeins transform, 
depending on the worldsheet sector they originate in. Then, to reconcile the results 
with the standard formulation of gravity with one set of vielbeins, we should use (j|) to 
re-express one of the vielbeins, say en.) in terms of the other one, i.e., &(-)■ In other 
words, we have to augment the T-duality action on the left-moving vielbein by a local 
Lorentz transformation, e — > Q + eA~ 1 , so that it transforms to e_, rather than to e+. 
This translates to the T-duality action on the spinor index that the left-moving Ramond 
sector contributes to the space-time fields. Formulating the dual theory in terms of en) 
is natural since for self-dual backgrounds, Q_ in (0) reduces to the identity matrix and 
en.) = e without further field redefinitions (Though this is not the case with en.), choosing 
it will also lead to a physically equivalent description). 

Consider the space-time supersymmetry transformation parameters e± and the Dirac 
matrices T M = e A ^T a in either IIA or IIB theory. The Majorana-Weyl spinors e± are 
taken to be independent of X 9 and the subscripts "±" refer to their worldsheet origin 
and not their space-time chirality which will depend on the theory and will be specified 
later. After T-duality, we will have two possible sets of T-matrices, 

1 (+) ~~ e (+)« i ' 1 (-) ~ e (-)a i • W 

Keeping track of their worldsheet origin, the spinors e± in the dual theory are associated 
with the Dirac algebras generated by rj±), respectively. The two sets of Dirac matrices 
are related by, 

f fa = n^ffan , with , n- l r a tt = A a b r b . (7) 

Clearly, Q is the spinorial representation of the Lorentz transformation (|J). The form 
of Q, including its normalization, can be determined by the following argument: Let us 
write the A a b in as 

k a b = 5 a b -2uj a b , with, uj a b = G^e%e 9b . (8) 

One can easily verify that u) a b uj b c = u a c , so that oj a b is a projection operator of rank 1. 
The operator u = u a b (d/dX a )dX b projects the vector T = T a d/dX a along the isometry 

2 That both vielbeins necessarily appear in the dual theory also follows from the T-duality action 
on complex structures associated with extended worldsheet supersymmetry, in cases where the complex 
structures could be constructed in terms of target-space Killing spinors (for example, in non-compact 
Calabi-Yau in 4-dimensions as discussed in ||. 
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generator K which, normalized to unity, is given by K = Gw'e%{d/dX a ). The projected 
component of V is then given by < K , uo ■ V >. The transformation A a b in (§) changes the 
sign of this component, keeping other components of T unchanged. Therefore, its spinor 
representation Q is obtained by multiplying the projected component with Tn, 

Q = T n <K,uj-T>= y/G£r n r 9 , (9) 

as can be directly verified using fl7|). The sign of Q is not fixed by these considerations 
and its arbitrariness gives rise to different T-duality conventions as we will discuss later. 
Note the appearance of Tg = G$m^ M rather than T 9 (as a naive generalization from the 
flat-space case may suggest) in this formula. This is related to the fact that, unlike in flat 
backgrounds (or more generally, self-dual backgrounds defined by Q_ = 1), T-duality now 
mixes d±X 9 with other coordinates d±X' L when regarded as a canonical transformation in 

the worldsheet theory. As will be apparent in section 4, The factor J Ggg in @ is essential 
for giving the correct dilaton transformation, though here its existence was dictated by 
different considerations. 

To write the dual theory with a single Dirac algebra basis, we express in terms 
of T*!-) using fl7|), and absorb Q in a redefinition of the spinor e+, with e_ remaining un- 
changed. This gives the T-duality transformation rules for the space-time supersymmetry 
parameters e±, which are the simplest spinorial objects in the theory, as 

i~ = e ~ ' (io) 

e+ = 0( _/) fie + , where, «(<>-/) = ±1 • 

Note that e + and e + have opposite space-time chiralities, which is the basis of IIA-IIB 
interchange under T-duality. The factor a( -/) (with "o" standing for original and "/' 
for final) reflects the arbitrariness in the sign of Q. It is used to denote a^A-B) when 
T-duality converts an original IIA theory to a final IIB theory, and a^B-A) vice versa. The 
arbitrariness in sign allows for two distinct conventions: Consider two successive T-duality 
transformations along X 9 . Since Q = Q, as can be verified using (|l|), we have QQ = —1. If 
we choose the convention a^A-B) = a (B-A), then e + = — e+. In fact, with this convention, 
all left-moving Ramond states behave in this way and T-duality squares to (— 1) Fl on the 
spectrum (where Fl is the left-moving space-time fermion number). However, since IIA 
and IIB are different theories, we can also choose the alternative convention, 

d(A-B) = —Ct(B-A) 5 (11) 

in which case, the T-duality operation that takes IIA to IIB is the inverse of the one that 
takes IIB to IIA, and the transformation squares to +1 on the spectrum. In the following, 
we use the latter convention whenever a convention is explicitly specified. The correctness 
of equations (|T0"D will be checked in the next section when we examine the supersymmetry 
variations of gravitinos and dilatinos to extract their T-duality transformations. 
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Unlike the flat-space case, in non self-dual backgrounds the canonical transformation 
that implements T-duality acts on both worldsheet sectors. Explicitly ||, 

= Q±n*P± , 

d± X M = Q A J N d ± X N + ^d.Q^l . (12) 

These equations are non-trivial only for d±X 9 and reducing to X 1 = X % and = ip± 
for the rest. However, the invariance of e_ may tempt one to search for variables in terms 
of which T-duality in curved space has the same form as that in flat-space, affecting only 
the left moving sector. To find such variables, note that the matrices Q±, which have a 
very simple upper triangular form, may be decomposed as 



Q+ = A7 l [ n , U+, Q-=AZ 1 A. 




Here A± are the same matrices as A±, but in the dual theory. These equations admit 
many solutions, all with A l ±N = 8 l N while A\ M are not uniquely determined (for example, 
A 9 _ M = A\ M = GgM I y/Ggg) . If we define new worldsheet fermionic and bosonic variables, 

Ef = A^», 

Jjf = A^ N d ± X N + ^ ± d 3 A^ N ^, 



then the canonical transformations (|12| ) implementing T-duality take the flat-background 
form, 

79 _ t9 v9 _ V 9 

J + — J + > Zj + — Zj + ) 

with and unchanged (J l ± = d±X l and E^. = are trivially invariant). However, 
the Lagrangian in terms of the new variables does not look any simpler which shows the 
basic difference between the self-dual (Q_ = 1), and the more general non self-dual cases, 
even though the transformations can be written is a similar form. 



3 Action of T-duality on Gravitinos and Dilatinos 



In this section we will derive the transformations of the type-II superstring gravitinos ^±m 
(not to be confused with the worldsheet spinors if)±) and dilatinos A± under T-duality, by 
demanding compatibility between T-duality and space-time super symmetry. Again, the 
"±" subscripts refer to the worldsheet sector in which the spinor index of the fermion, 
i.e. its Ramond component, originates and not to its space-time chirality. All spinors 
are assumed to be independent of the coordinate X 9 along which T-duality is performed. 
The T-duality action on these spinors is independent of the R-R fields, which we set to 
zero in this section for convenience. The case of non- zero R-R fields will be considered in 
the next section. 
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Let us first consider the supersymmetry variations of the gravitinos ^±m- With e± 
as the supersymmetry transformation parameters and in the absence of R-R fields, these 
are given by 

5 Am = (d M + ~ e± + ■ ■ • , (13) 

5±V TM = + • • • . (14) 

Here, "• • •" indicates the presence of 3-spinor terms that we do not write down explicitly, 
but which will be automatically accounted for in our final result. W^ ab are the torsionful 
spin-connections given by 

W Mab = W Mab =F ^H M ab ■ (15) 

The above transformations hold in both IIA and IIB theories, depending on the chirality 
of the spinors. In our conventions, in IIB, e± and hence ^±m have positive chirality while 
in IIA, e_, have positive chirality and e+, *$? + m have negative chirality. The su- 

persymmetry transformation generated by e + (e_) acts on the left-moving (right-moving) 
worldsheet sector by interchanging R and NS boundary conditions. Therefore, the su- 
persymmetry variations 6±^±m convert R-NS states into NS-NS states and do not get 
modified if R-R fields are switched on. Therefore, we expect that the gravitino T-duality 
rules obtained from equation (|l"3"D are independent of R-R fields. The same argument 
applies to dilatino T-duality rules. 

Let us now consider the gravitino supersymmetry variations in the T-dual theory. 
First, note that the dual theory contains two sets of torsionful spin-connections, corre- 
sponding to the two vielbeins e"_) M and e" + ^ M given by (||). We denote these by W,y Mab 

and W^ Mab , respectively. One can verify that 

W[_ )Mab = WjM+Yii , (16) 

W? +)Mab = W+ ab (QZ l ) N M . (17) 

Since we have chosen to express the T-dual theory in terms of et-), the supersymmetry 
variations S±^/±m in the T-dual theory should be expressed in terms of W^ Mab alone, 



6±*±m = (d M + \w± )Mab T^ e ± + 



To determine W+m in terms of ^+m, note that using the relation (f|) between e(+) and 
e(_), we can write W^ Mab in terms of W^ Mab as, 

wt +)M a b v a b = ^+ )M c (J (A- 1 ) a c Alr a fe + (A- 1 ) a c 9MA c 6 r a 6 

= w£_ ^yr 1 !^ + m^dutt . (19) 



s 



Now, using equations fllCf ) and (|T(|]T9| ), along with the fact that Q±j = 5^ (||) and 
<9 9 e_ = 0, it is easy to see that the variation (p~3|) implies the one in the dual theory 
(|I"8l) provided, 

5_§_ M = 8-V„ N (Q+y M + ■■■ , (20) 
= a io - f) n6+y +N (QzYm + ■■■ ■ (21) 

Again, "• • •" denotes 3-spinor terms. 

Let us now consider the supersymmetry variations of the dilatinos A± in the absence 
of R-R fields, 

5 ± A ± = ~ (W,0 T ^T MNK H MNK ^j e ± + • • • , (22) 
S ± \ T = + • • • . (23) 

These are again valid in both IIA and IIB theories. In IIB, both dilatinos have negative 
chirality, while in IIA, A_ has negative chirality and A + has positive chirality. Switching 
on R-R fields does not affect equation (|22|). In the T-dual theory, written in terms of the 
vielbein e?_ \ M , the variations 5±X± are given by 

M± = \ (fftflj,? T ±ffj; K H MNK } ? ± + • • • . (24) 

Using 4> = <p — | In G 9 g and 

f m ^ k H M nk = T MNK H MNK T 6 G£ T 9 T ab ) ± 6 G£ P d, t G 99 , (25) 

along with equation (|T0|) , one can see that the supersymmetry variations (p2|) and (|24 ) 
are compatible provided 

<5_A_ = <5_A_ - Ggg 1 T 9 5_^_ 9 + ■ • • , (26) 
M+ = a ( o-/) n (<5 + A+ - Ggg 1 T 9 5 + * +9 ) +■■■ . (27) 



Equations (|20"|),(|2T|) and (p6| ) ,(|27| ) give the T-duality transformations of the supersym- 
metry variations 5^±m and 8\± to linear order in spinors and receive corrections cubic 
in the spinors whose presence is indicated by "• ■ ■" . From these we can read off the T- 
duality transformations of the gravitinos and dilatinos, in principle, only to linear order 
in the spinors. However, as we will show, the linear order result is exact and in fact, it 
dictates the form of the 3-spinor corrections to the T-duality maps for the supersymmetry 
variations above. Thus, for the gravitinos ^±m, we have the T-duality transformations 

*-M = ^-N (Q+ l ) M > (ng) 

$ +M = a (o . f) Q^ +N (Qz l ) N M, 
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and for the dilatinos A± we have the transformations 

A — = A_ — Ggg Tg \I/_9 , (29) 
A + = 0( _/) (A + - G99 Tg . 

Here, f2 is given by (Q) and, as described below equation (fTO|), a(o-f) = ±1 stands for 
ci(A-B) if T-duality takes us from IIA to IIB, and for ci(b-A) if it acts the other way round. 
Setting d(A-B) = —o.(B- A) insures that T-duality squares to +1 on the spectrum. 

That equations ( p8|) and (|29|) do not receive corrections can be seen as follows: To 
linear order in spinors, these equations are uniquely determined by (|2"0"D, (PT|) and 
(p7j) thus only leaving the possibility of adding corrections cubic in the spinors. The 
presence of such terms, however, can be ruled out on general grounds as they would give 
rise to derivative interactions for the spinors in the dual supergravity action. To rule out, 
in a more concrete way, the existence of both 3-spinor corrections, as well as corrections 
proportional to R-R fields, we consider the supersymmetry variations of the NS-NS fields 
Gmn, B mn and <p given by equations ( |C.6| ) in the appendix. These variations contain 
no R-R fields and are only bilinear in spinors. Using ([I]) along with fl2"8|) and ( p9|) one 
can easily verify that that these variations are consistent with T-duality. On the other 
hand, if (^) and (^) contained either 3-spinor terms or R-R dependent terms, this would 
not be the case. This establishes that the spinor T-duality rules given above are exact. 
Note that the NS-NS supersymmetry variations ( |C.6| ) are insensitive to the multiplicative 
factor Q. Therefore, while they can be used to rule out additional additive contributions 
to fl28|) and (|29"D , they cannot be used to infer the existence of Q in these transformations. 



For supersymmetric backgrounds, when the fermionic backgrounds and A± along 
with their supersymmetry variations are set to zero, equations ( |13|) and (|22"D reduce to the 
string theoretic Killing spinor equations for e±. Equations fl28|) and ( f29"| ) are then trivial 
for the background spinors, but can be used to obtain the T-duality transformation of 
the fermionic excitations around supersymmetric backgrounds. In some cases, when the 
Killing spinor itself does not transform (as is the case with e_), the compatibility of the 
Killing spinor equation with T-duality was investigated in fTO] , [TT|| . 



4 R-R T-duality Revisited 



As shown above, the T-duality rules for space-time fermions do not depend on the R-R 
fields. In this section we use these rules, along with the requirement of compatibility of 
T-duality with space-time supersymmetry, to determine the T-duality rules for R-R fields 
and discuss some related issues. Most of the results in this section are not new but are 
re-derived here in a unified and more convenient way. The IIA/IIB T-duality rules for 



R-R fields were derived in [14, KB by studying the supergravity action and equations of 
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motion (also see ||16|| ) and in ]I7 , |Tj|, [19j by dimensional reduction of the Wess-Zumino 
term in the D-brane worldvolume action, both considering the bosonic sector alone. Our 
derivation of these rules here emphasizes the compatibility of the T-duality conventions 
used for the R-R fields with those used for the spinors. The T-duality rules relating IIB 
to the massive IIA theory were obtained in jL5[ [L7|, [18| . Here we re-derive these rules for 
generic configurations, emphasizing how potential non-localities in the T-duality rules for 
R-R potentials are avoided. We also present a simple derivation of the "mass" -dependent 
terms in the Wess-Zumino action for "massive" IIA branes using T-duality. 

In the presence of R-R backgrounds, the supersymmetry variations 5 + ^/ + m and 
are still given by (|T5D , while <5_\I/ + m and <5 + \I/_m are no longer zero and receive contribu- 
tions from R-R fields. The same is true for the dilatino variations <5±A T . The T-duality 
rules for the R-R fields can be obtained by considering any one of these variations, say 
5-^ + m- In type IIA theory, this variation is given by |2(J (see appendix C for details), 



■M 



-l r M i M 2 p( 2 ) 



1 

AY 



^_ V M 1 M 2 M Z M 4 , vp 



(4) 

M1M2M3M4 



(30) 



where "• • •" denote 3-spinor terms as usual. = m is the mass parameter of massive 
type-IIA theory and the field strengths for the massive theory are given by ( |C.3| ) 
in the appendix. The usual massless IIA equations are obtained by setting m — 0. In 
type-IIB theory the corresponding variation is given by j^T] (see appendix B for details), 



5-^ 



+M 



pMi^p(l) 



Ah 



+ 



]_ r M 1 M 2 M 3 p (3) 

2j 1 r M 1 M 2 M 3 

1 

2(5!) 



1M1M2M3M4M5 77(5) 



M 1 M 2 M 3 M4 M 5 



It is convenient to write these two equations in the generic form 



5^ 



+M 



2(8) 



E 



7?! 



Mi-M„ 



(31) 



(32) 



In exactly the same way as for the R-R vertex operator in flat space (see, for example, 
II, 0]), the actual content of the above equation is determined by the chirality of the space- 
time spinors: In type-IIB theory, both e_ and *&+m have positive chirality and therefore 
the right hand side contains only terms with even number of T-matrices (corresponding 
to n = 1,3,5,7,9), whereas in IIA, e_ and have positive and negative chiralities 

respectively and hence only terms with even n (n = 0, 2, 4, 6, 8, 10) enter the summation. 
Furthermore, using the T- matrix identity ( |A.2p , the positive chirality of e_ implies that 
fW = — (— l) n ( n_1 )/ 2 *_F( 10_n ). This allows us to write the summation in terms of F^ 
with n < 5 alone, recovering (|30| ) and (|3TD . 



Let us now consider the above equation in the T-dual theory expressed in terms of the 

.w,-.w„ f ( _ )M e_ H . (33) 



vielbein e9\ M , 



5-V 



+M 



2(8) 



^2 ( 1 )" pMi-M re pW 



III 



! M-) 
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Using equations (0), (0), flIU|) and (p8|), one can readily obtain the T-duality transforma- 
tion for the R-R field strengths as 



Mi—M„ 



-l) n a 



(o-f) 



( >( n4 



+1) 



■iv„ 



nG 9 [ N , F 



(n-l) 
l^'iVa-ATn] 



(Q. 



-l\N n 
- ) M n 



(34) 



where, 0( -/) denotes a convention dependent sign as explained below equation (|ToD . Let 
us now choose the convention (JTTJ) so that T-duality squares to 1 on R-R fields. Then, 
using the form of Qz 1 given in (|3|), the above equation reduces to the component form, 



F (n) 
p(n) 



—a 



(A-B) 



(n-l) 
9i3---ln] 



nB 9[il F^l. in] 



(35) 
(36) 



a (A-B) is still arbitrary and could be chosen as either +1 or —1. The antisymmetrization 
denoted by the square bracket affects the indices i n and not the index 9. Since the spinors 
were assumed to be independent of X 9 , equation (^) implies that F^ n > should also be 
independent of this coordinate. 



The above T-duality rules for are valid for both massless and massive type-IIA 
theories and can be iteratively integrated to yield the corresponding transformations for 
the R-R potentials C^ n \ Let us first consider duality between IIB and massless IIA. In 
this case, F^ = m = and the field strengths are given by ( |B.10| ). C^ n > can be chosen 
to be X 9 -independent and under T-duality transform as 



rn, m, m, pi 



d(A-B) 



c 



(n-l) 



(n - l)GggGg[ i2 Cj£ 3 



(n-l) 
in] 



C 



(n) 



a 



(A-B)C 9h ... in 



(n+1) 



(37) 
(38) 



Let us now consider the massive-IIA case. For n = 0, equation (|36"D reduces to F^ = 
—a(A-B)F^ = —a^A-B)d 9 C <y0 \ As noticed in [|l^, |Tj], [Tj|], this implies that type-IIB theory 
dualizes to the massive IIA theory with F^ = m, provided the IIB 0-form has an X 9 
dependence given by C^ ' = — a^^mX 9 + C^°\ where the last term is independent of 
X 9 . Naively, one may expect that this X 9 -dependence could lead to a similar dependence 
for the IIA potentials, which should not be the case: Consider an X 9 -dependent function 
C(X 9 ), say, in the IIB theory leading to an X 9 -dependent T-dual C(X 9 ) in IIA. Since the 
natural variable in the T-dual theory is X 9 , which is related to X 9 through the canonical 
transformation ([12]), C has to be expressed in terms of X 9 . However, the relationship 
between X 9 and X 9 is non-local, involving an integration over the string worldsheet, and 
hence C is a non-local function of X 9 . This problem can be avoided if we arrange things 
such that the X 9 -dependent C dualizes to an X 9 -independent C, or vice versa. Let us 
define 

tf(o) = C(°) + a (A _ B) mX 9 , 

P)(2) _ s-i(2) v g D 

^M X M 2 — L/ M 1 M 2 + fl (4-B) mA %M 2 , 

< 5m|-m 4 = Cm v ~m 4 + 3a( A _ B )mX 9 B[ MlM2 B M . iM4 ] , 
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or more generally, using the notation of flIB| , with C = En=o C i 

C = C + a {A . B) mX 9 e B . (39) 

We give the in type-IIB a dependence on X 9 in such a way that C^ 2p) are X 9 

independent, while in type-IIA, C*( 2p+1 ) = C'( 2p+1 ' ) and are X 9 indepentent. Then, using 
the T-duality rules for the field strengths ( |3~5l , j36|) , along with equations ( |B.10|) for type-IIB 
and ( |C.3| ) for the massive type-IIA, one can obtain the T-duality rules for the potentials. 
These are still given by (|37D and fl38l) but now with all replaced by C^ 2p \ The 

X 9 independence of guarantees the X 9 independence of the IIA potentials C ( - 2p+1 \ 
preventing the appearance of non-localities. Note that while the massive T-duality rules, 
written in terms of C^ 2p \ have the same form as the usual massless IIA/IIB rules, the two 
differ by m-dependent terms when written in terms of the actual R-R potentials C^ 2p \ 

The special X 9 dependence of can be easily understood when massive-IIA/IIB 
duality is regarded as a Scherk-Schwarz compactification to 9 dimensions fl5 |: The U(l) C 



SL(2,R) transformation in IIB theory that gives the right X 9 dependence to C^ -*, by 
shifting it to — a^-B) m X 9 (corresponding to p — s — 1, r — and q = — a^_ B )mI 9 
in (|B.5|) ), also produces the correct X 9 dependences in and . 

For m/fl, the Wess-Zumino terms in the IIA D-brane worldvolume actions contain 
m-dependent terms the forms of which were studied in |T7|, |TB[ . We will now derive these 



terms in a very straightforward way using T-duality: Let us start with the WZ terms in 
the D-brane worldvolume actions in type-IIB theory and express the potentials m 
terms of as defined in (|39|), 

4'/) = f Ce F ~ B = f Ce F - B - a {A . B) m f X 9 e F . (40) 

When are chosen such that are X 9 independent, the dual theory is massive 

type-IIA. Therefore, on dimensional reduction, Iy/z should reduce to the corresponding 
action for massive IIA theory, including the m-dependent terms. As mentioned earlier, 
the massive T-duality rules relating and C^ 2p+1 ^ have exactly the same form as 

the massless T-duality rules relating and C^ 2p+l \ Therefore, the analysis for the 

massless case, for example, as presented in JT^| or implies that the first term on the 
right hand side of ( f40"D dualizes to the standard WZ term in type-IIA which is common 
between the massive and massless theories. The m-dependent terms are contained in the 
second integral on the right hand side of fl40|). Let us identify X 9 with a worldvolume 
direction, say cr, along which the theory is reduced. Taking F to be Abelian (F = dV), 
we write e F = £ p ±d(V A F p ~ l ) so that, 

f X 9 e F = E A / X9 \ d ^ V A FP ~^ Ada + da{ y A FP_1 ) A dx °] ' ( 4i ) 

JoJ2p p P- J^2p 

where, x a are the worldvolume directions transverse to a. Since X 9 does not depend on 
x a , the second term in the integrand leads to a surface term and can be dropped. The 
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(2p — l)-form V A F'P^ 1 in the first term now only has non-zero components along x a , 
and not along a. Finally, remembering that X 9 = a and dropping a surface term, the 
integration over a leads to 

I { wz A) = I Ce F - B + a (A _ B) m £ i / FA (dV ) p " 1 , (42) 

which reproduces the m-dependent terms of |T7| , [T8|1 (we have ignored the D-brane tension 
that can be easily inserted into the equations). 



5 Conclusions 



We have shown that, besides acting on the space-time indices of fields, T-duality also has 
an action on the local Lorentz frame associated with the left-moving sector of the world- 
sheet theory by twisting it with respect to the one associated with the right-moving sector. 
This twist translates to the T-duality action on the spinor index originating in the left- 
moving Ramond sector, and fixes the T-duality action on the space-time supersymmetry 
parameters. The gravitinos and dilatinos also contain an NS sector contribution to their 
T-duality transformations which is obtained by demanding consistency between T-duality 
and space-time supersymmetry. It is also shown that the T-duality action on the spinors 
is independent of the R-R backgrounds. The result is then used to re-derive the R-R T- 
duality rules. We discuss the case of the massive IIA theory in more detail, showing that 
there exist variables in terms of which the massive T-duality rules for the R-R potentials 
have the same form as the massless ones, manifestly avoiding non-local relations between 
potentials. Using this, we give a simple derivation of the "mass" -dependent terms in the 
WZ actions for the associated D-branes based on T-duality. In most part, we have explic- 
itly retained the convention dependence of the T-duality action on the Ramond sector. 
In one convention, T-duality squares to 1, while in the other, it squares to (— 1) Fl on the 
spectrum, where is the left-moving space-time fermion number. 



There are certain similarities between T-duality in flat and curved backgrounds. At 
the worldsheet level, as we have shown, there exist variables in terms of which the canon- 
ical transformation that implements T-duality in curved space, has the flat-space form. 
One can also check that the T-duality rules for gravitinos and R-R fields in curved back- 
grounds easily follow from their flat-space vertex operators, provided we interpret these 
operators as curved space objects (which, of course, is not really the case). For exam- 
ple, consider the gravitino emission operator ~ S +S ^ s +M ^ in flat space. To interpret 
this as a curved-space expression, we define the spin-filed S +s as an operator that gener- 
ates space-time supersymmetry transformations of ^ S +M with parameter e s + , but now in 
curved-space. S + and e + will have opposite space-time chiralities and S + e + is invariant 
under T-duality. Then using the curved-space T-duality rules for e + ( fLOf) and ip- ([12"D in 
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the flat-space vertex operator, we recover the T-duality action ( |28| ) on ^ + m- Similarly, the 
R-R T-duality rules can be obtained from the corresponding flat-space vertex operator, 
e^S +s F ss S- s ', where F ss is the R-R bi-spinor. 

Note Added: In a recent paper f22f , which appeared after this paper was completed, the 
authors consider the SO(d, d, Z) action on R-R fields from the point of view of low-energy 
effective action. One should be able to obtain the same results in our approach, after de- 
termining the SO(d, d, Z) action on gravitinos, and then using space-time supersymmetry. 
The results are expected to look the same as the single T-duality case with Q± and fl 
appropriately generalized to SO(d,d). 
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Appendix 



A T-Matrix Conventions 



We use the metric signature { — 1,+1,...,+1} and Gamma matrix conventions 

{r a , T b } = 2 V ab , (A.l) 

so that in the Majorana-Weyl representation all T a are real, with T antisymmetric and 
others symmetric. We also need the identity (with e 01 "' 9 = 1) 

_(_-[ \n{n-l)/2 

r T ^-^G {10 _ n y e r Mn+1 ... Ml0 . (A.2) 



B Type-IIB Supergravity 



For the gravitino and dilatino supersymmetry variations in type-IIB supergravity, we start 
with the SU(1, 1) invariant formulation of the theory in Using a prime to indicate 
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the use of the Einstein metric and after scaling the 5-from field strength to match the 
standard string theory conventions, we have 

5X' = zT' M P M e'* - ^T' KLN G KLN e' + ■ ■ • , (B.l) 
S^f' M = D M e' + — (t'm LN Gkln - ^' LN Gmln) e'* 



+ ^T' KLNPQ T> M F KLNPQ e> + -... (B.2) 



Here, e', ty' M and A' are complex Weyl spinors with Tut' = e', Txi^' = while A' has 
negative chirality, and 

Dmc' = (pM + \w' Mah T ab - e' , Gkln = -^apV^F^ LN , 

Pm = -eaf,V«d M v£, Q M = -ie a pV«d M Vt. 

a,P = 1,2 are SU (1,1) indices, V£ is an SU(1,1) matrix (V±V% - V^Vl = 1) and 
Frln = Frln- To identify the fields in the usual string theory conventions, we go to the 
SL(2, R) formulation by writing F a in the real basis. Then the NS-NS and R-R 2-forms 
B MN and C^ N are given by 

( ~ d dB ) = ( ZP) )= h { fvvs ) ' with ' h = 71 ( -i +i ) ■ 

The dilaton and the R-R scalar C° are identified by parameterizing the matrix V such 
that 

rr i t >■ , f V 1 Vl\ 1 ( -fe ie -re- w \ fT> 

with r = + ie~^. We can set 9 = by fixing the C(l). In these conventions, the 
SL(2, R) action takes the form 



pr + q ( \ (p q\( 

rr + s' [ B ^ [ r s [ B 



(B.5) 



also transforms such that is invariant (see (P-IOQ ). Having identified the dilaton, 
we define the string frame metric and associated spinors as, 

G M N = e^ 2 G' MN , e = e^V, A = e^/ 8 A', 9 M = e*'\^ M + V A/ A'*) . 

Furthermore, we write the complex Weyl spinors in terms of real Majorana-Weyl spinors, 
e = e + + ie__, ^ m = *&+m + i^-Mi A = A_ + where the subscript "±" is chosen 
to denote the worldsheet sector that contributes the spin content of the spinor. The 



16 



super symmetry variations ( |B.2| ) then take the form (to linear order in the spinors), 
M± = ~ ( T M d M <f> T ^T M ^H MlM2M3 ) e± + • • • , (B.6) 



2 V 12 

M± = ^ (±r^« + i^^Fg^,) e T + ■ ■ ■ , (B.7) 
5±V±m = (d M + ~ {w Mab T \H Mab ) T ab ^j e± + • • • , (B.8) 

s vr, _lif Tr Jlin(I) 1 F MiM 2 M 3 F (3) 1 r M r --A/ 5 F (5) \ r . m Q \ 

<) T W ± M--e r (T 1 M i _ 3! ^MiAf 2 M 3 T^jyl ^Mi-MgJ 1 H 

The R-R potentials are defined such that, 



f mI-Mu ~ n9 [MiC^ 2 .^ Mn] - _ ^H [MlM2M3 C^ 4 3) Mn] . (B.10) 



C Type-IIA Supergravity 



The gravitino and dilatino supersymmetry variations in type-IIA theory are given in [^(J 
for massive IIA. When written in terms of appropriate variables, they lead to the usual 
massless IIA equations when the mass parameter is set to zero. In the standard string 
theory normalizations for the fields, these equations take the form, 



SX': 



1 

2 

1 

+- 



1 Om<P — tlMNPi- 11 



5e 50/4 F (o) _ 3 wru» F $ N T n + ^r' MNP QF$ NPQ ]e> + • • ■ , (C.l) 
o ^ 2! 4! 

s*' M = [d M + \ w ' Mab v ab + l 6 e~^ (r;r Q - <r'^i) 

+ l e ,/4 ^np QR _ ™ 5 l» T >rQ^ F $ QR y + . . . . (c.2) 



Here, a prime indicates the use of the Einstein metric, "• • •" denote 3-spinor terms and 
the field strengths F' n ' are given by 

i?(o) = m ? 

^(2) _ na n (l) 



F$ N = 2d [M C^{ + mB MN , (C.3) 
Fmnpq = 4<9[mC^pq] — 4H[ MNP Cq^ + 3mB[ MN B P Q] . 



The constant m is the mass parameter of the massive type-IIA theory and the usual 
massless IIA theory is recovered by setting m = 0, in which case the these equations take 
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the form ( |B.10| ) above. The string frame metric and spinors are given by, 

Gmn = e^G' MN , 6 = e*N , A = e"^A' , * M = e^(*' M + \t' m X') . 

Let us consider the above equations in terms of the positive and negative chirality com- 
ponents of e and other spinors. One can then see that the type-IIA theory described in 
50] is the one in which the positive chirality component of e originates in the left-moving 



worldsheet sector. However, in our conventions for T-duality, we need the IIA in which 
the positive chirality component of e originates in the right-moving worldsheet sector. 
This IIA theory is obtained from the one described in [20] by a worldsheet parity trans- 
formation that reverses the signs of Hmnp and F^ 2 \ keeping and unchanged. 
Then the above equations lead to, 

X \ — }_ e <t> ( 5^(0) -L _^_pMiM 2 771(2) , l r Af 1 M 2 M 3 M 4F (4) \ , ,s 

°T A ±— g e \ 0r 2! P M 1 M 2 + ^j 1 M1M2M3M4 J e T ' J l^-^J 



<5 T ^ ±M = -e 



77(0) 1 1 F MiM 2 p(2) 1 1 r MiM 2 M 3 M 4 17.(4) l r 



2| MiJMa 1 ^| 



The variations 5±A± and <S±\I/±m are still given by equations (|B.6|) and ( |B.8|) though now, 

e_, 1 3E r and A + have positive chirality and e+, *&+m and A_ have negative space-time 

chirality. 

Supersymmetry Variations of NS-NS Fields: 

S±G M N = 2e±r^M^±N), 5±B M n = ±2^±iM~T N ]6±, 8±(fi = \±e±. (C.6) 

Here, Gmn is the string metric and denotes symmetrization with unit weight. These 
equations are valid in both IIA and IIB. 
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